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ABSTRACT: We study corrections to the anomalous mass dimension and their effects in
the Seiberg duality cascade in the Klebanov-Strassler throat, where N' = 1 supersym-
metric SU(N + M) x SU(N) gauge theory with bifundamental chiral superfields and a
quartic tree level superpotential in four dimensions is dual to type IIB string theory on
AdSs x T background. Analyzing the renormalization group flow of the couplings on
the gauge theory side, we propose specific corrections to the anomalous mass dimension.
Applying gauge/gravity duality, we then show that the corrections reveal structures on the
supergravity side with steps appearing in the running of the fluxes and the metric. The
“charges” at the steps provide a gravitational source for Seiberg duality transformations.
The cosmological implication of the duality cascade and the gauge/gravity duality on the
brane inflationary scenario and the cosmic microwave background radiation is pointed out.
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1. Introduction

Recent developments in flux compactification in string theory have provided us with many
explicit realizations of the brane world scenario with stabilized moduli [, f]. In a typical
solution in type IIB theory, the compactified manifold has a number of warped throats. It
is likely that our standard model particles are open string modes of a stack of D-branes
sitting at the bottom of such a throat. A prime example of such a throat is the Klebanov-
Strassler (KS) throat [J]; i.e., a warped deformed conifold in type IIB theory on AdSsx 71
background. Its gauge theory dual is N = 1 supersymmetric SU(N + M) x SU(N) with
bifundamental chiral superfields and a quartic tree level superpotential which undergoes a
cascade of Seiberg duality transformations [f]. Here, we like to explore the properties of
such a throat in some details. We will start with studying the running of the couplings in
the gauge theory and calculate corrections to the anomalous mass dimension which dictate
the flow of the gauge theory. The corrections depend on the ranks of the gauge groups
in the duality cascade. We then apply gauge/gravity duality and find that including the
corrections to the anomalous dimension on the gauge theory side reveals step-like structures

in the metric and the fluxes on the gravity side.



These steps may be observable in cosmology. Implications of sharp features and/or
non-Gaussianity in the cosmic microwave background radiation due to steps in the inflaton
potential have been studied [f, [f]. It has become clear that the brane inflationary scenario
in string theory is quite robust [[f]. Here, the inflaton is simply the position of the D3-brane.
In the simple but realistic KKLMMT scenario, inflation takes place as a D3-brane moves
down a warped throat [§]. The duality cascade feature shows up in the D3-brane potential
in the warped geometry as steps. Such steps in the inflaton potential can introduce sharp
features in the cosmic microwave background radiation, which may have been observed
already [, [[]]. So the steps in the throat, though small, can have distinct observable
stringy signatures in the cosmic microwave background radiation. This point is perhaps
best expressed by quoting WMAP [L1]] : “a very small fractional change in the inflaton
potential amplitude, ¢ ~ 0.1%, is sufficient to cause sharp features in the angular power
spectrum.” The possibility of detecting and measuring the duality cascade is a strong
enough motivation to study the throat more carefully. Although both Seiberg duality
and gauge/gravity duality are strongly believed to be true, neither has been proven; so
a cosmological test is highly desirable. This will also provide strong evidence for string
theory. The steps also show up in the Dirac-Born-Infeld action for brane inflation, which
may be observed separately [[[J].

To find the step structure on the gravity side, we shall use a gauge/gravity duality
mapping between the couplings in the gauge theory and the dilaton and the backreaction
potential in the gravity theory. On the gauge theory side, as the theory flows towards the
infrared (IR), the larger of the two gauge factors undergoes a Seiberg duality transition
as it becomes strongly coupled while the weaker factor is treated as a flavor symmetry:
SU(N + M) with 2N flavors — SU(2N — (N + M)) = SU(N — M) with 2N flavors [].
Repeating such transformation, the SU(N + M) x SU(N) gauge theory undergoes a series
of Seiberg duality transitions as it flows towards the IR; i.e., the bottom of the throat. This
is the duality cascade. At the I** step (l1=1,2,...), the gauge theory makes the transition
from the ' region; i.e., SUN + M — (I — 1)M) x SUN — (I — 1)M) to the (I + 1)
region with SU(N + M — [M) x SU(N — IM) gauge group. This duality cascade should
lead to steps in the fluxes and the metric in the gravity side. To see this, let us first look
at the value of the anomalous mass dimension +, since the renormalization group flow of
the couplings depends crucially on it. The M = 0 case is the conformal Klebanov-Witten
(KW) model [[LJ], where 79 = —1/2. Turning on M breaks the conformal symmetry and so
should lead to a correction to . Intuitively, when N > M, this correction is expected to
be small and so is usually neglected. Here we find interesting physics associated with this
correction to the anomalous dimension. Furthermore, this correction becomes substantial
as we approach the IR limit.

Since the gauge theory has the discrete symmetry M — —M, N — N + M, ~
must be even under this symmetry and so its leading order correction must have the
form M2?/N(N + M). On the other hand, if we turn off the superpotential, the two
gauge couplings will have individual fixed points (when the other group is weakly cou-
pled and is treated as a flavor symmetry) provided Y43 = —1/2 — 3M /2N and vy =
—1/2 4+ 3M/2(N + M), respectively. So, when the superpotential is turned back on, we



expect the common v to be somewhere in between, and the renormalization group flow of
the couplings take place somewhere in between too. Since the above symmetry maps vy s
and 7y into each other, we propose that 7 should be the symmetrization (i.e., average)
of yy+a and . Similarly, after [ steps in the Seiberg duality cascade, the gauge theory
becomes SU(N + M — IM) x SU(N — IM), with the corresponding anomalous dimension,

3M? 1 3M?
y= o - (1.1)
2 4AN(N + M) 2 4(N —IM)(N +M —IM)

Thus v jumps from one value to another value as the renormalization group flow passes
a Seiberg duality transition. It is this jump in v which causes the steps in the metric
and in the fluxes on the gravity side as one moves towards small r, which is roughly the
distance away from the bottom of the throat. Note that, towards the bottom of the throat,
Il — N/M, the correction in + is no longer negligible. For the anomalous dimension to
stay finite in the N = KM case, [ = 1,2,...,K — 1. That is, there are only K — 1
steps in the Seiberg duality cascade, and the infrared flow from SU(3M) x SU(2M) to
SU(2M) x SU(M) takes v = —7/8. Of course, higher order corrections may be important
when [ is large (i.e., when the effective K is not large). Note that the correction term
in ([.T) blows up for [ = K. This divergence leads to an infinite size step. Since higher
order corrections have to obey the above discrete symmetry, they will diverge here too. This
may signal a breakdown of perturbative corrections to the anomalous dimension in powers
of M?/(N —IM)(N + M —IM). Alternatively, to avoid this divergence, this may signal
that the Seiberg duality transition stops at SU(2M) x SU(M). This latter interpretation
means that the theory flows to a baryonic branch rather than to a confining branch.

In the absence of the corrections to the anomalous mass dimension ([L.1)), the Seiberg
duality cascade is completely smooth when one looks at the geometry in the supergravity
side. On the gauge theory side, we see that one of the gauge couplings in the renormalization
group flow goes from small to large between duality transformations. Since the anomalous
dimension comes in the flow of the dilaton and the backreaction potential and its magnitude
changes across Seiberg duality transitions, the warp factor has steps on the supergravity
side. Of course, each step should have a width (proportional to the step position), so that
steps are actually smoothed out. The resulting warp factor has a cascading behavior that
agrees with the picture presented in [14].

Let us consider the potential felt by a probe D3-brane. The running of the dilaton
leads to a D3-brane potential, since the NS-NS coupling does not cancel the RR coupling.
(This correction is of order 1/K.) Since this potential also involves the warp factor, the
D3-brane potential has a step-like feature. The size of the step in the D3 potential Vpg
for large K is estimated to be (with string coupling gs),

OVbs ., (39:M 4\ L1 (1.2)
Vps 8t K3

Here, the steps appear as infinitely sharp. This is clearly a consequence of the approxima-
tion used here. In reality, we expect the steps to spread, so the potential has a cascading
feature. We expect the sharpness of a step to be dictated by the strong interaction scale A



there. So, in general, we expect this multi-step feature to be generic; as we approach the
infrared, the step size grows (as the effective K decreases) and becomes sharper (as A ~ r
decreases). The spacings between steps are roughly equal as a function of Inr for large
effective K. These features may show up in brane inflation as signature of the Seiberg
duality transition and the gauge/gravity duality in string theory.

Note that the anomalous dimension ([L.T]) is not the result of a rigorous derivation. We
expect that further improvement on the anomalous dimension will introduce a A depen-
dence. Since the warp factor we have here is not from an explicit solution of the SUGRA
equations, and we do expect a correction to the gauge/gravity duality dictionary that is not
included here, so the result presented here should be treated as tentative only. Also, the
quantitative properties of the warp factor (and so the inflaton potential) may be sensitively
dependent on the details of the warped geometry of the throat. On the other hand, this
cascading feature should be quite generic even if Vpg itself can be quite sensitive to the
details of the model.

The rest of this paper is organized as follows. First we give a brief background review.
We then present the details on the determination of the anomalous mass dimension and its
implications on the renormalization group flow. A study of the implication in the gravity
side is done on the setting of a singular conifold which is a good approximation to the
deformed geometry in the UV region near the edge of the throat. This is good enough for
our purpose here as it captures the important features of the physics: the steps with their
order of magnitudes and radial locations. We see that the dilaton and the 2-form NS-NS
potential run with kinks and the NS-NS flux has steps. This leads to steps in the warp
factor. We write down the D3-brane world volume action, which is suitable for the study of
new features in the KKLMMT inflationary scenario. We comment on the mapping of the
flow of the gauge theory to the supergravity flow, suggesting that the mapping/dictionary
in the gauge/gravity duality should have corrections as well. We will then continue with
analyzing the supergravity side using SU(3) structures and see how the corrections on
the gauge theory side could give rise to geometric obstructions on the supergravity side
which provide special locations and sources for Seiberg duality transformations. A full
supersymmetric solution on the supergravity side containing the corrections will involve a
detailed analysis of the supergravity equations of motion and their solutions and we will
not attempt to do that here. We will conclude with some remarks.

2. Brief review

Klebanov and Witten found, shortly after the first example of a dual gauge/gravity theory
was given by Maldacena [[J], Gubser, Klebanov and Polyakov [1§], and Witten [I7], that
type IIB string theory with a stack of N D3-branes on AdSs x T"! was dual to N/ = 1
supersymmetric SU(N) x SU(NV) conformal gauge theory with bifundamental chiral super-
fields A; and As transforming as ((J, (J) and B; and B, transforming as ((J, [J) and a
quartic tree level superpotential [[J]. The quartic tree level superpotential in this theory



is given by
Wtree = w <(A1B1)(AQBQ) — (AlBQ)(AQBl)>, (21)

where color indices from the same gauge group are contracted and w is the tree level
coupling. Let us define the classical dimensionless coupling related to the tree level coupling
w by n = In(w/u'*?), where p has the dimension of mass. The physical 3 functions of
the two gauge couplings are §; = 3N — 2N (1 —,), and that of n is given by 8, = 14 2v,,
where the s are the anomalous mass dimensions. Although the superpotential breaks the
flavor symmetry to its diagonal version, there is enough symmetry left so that there is a
common anomalous mass dimension, that is, v = v, = 74. The theory has a nontrivial
conformal fixed point, where the physical § functions of the two gauge couplings associated
to the two group factors in SU(IN) x SU(N) and that of n all vanish. This happens for
the same value of the anomalous mass dimension, namely g = —1/2. So the theory is
conformal with this value of ~, which is independent of N. The stack of D3-branes induces
a 5-form R-R flux and the supergravity geometry is a warped pure AdSs x Th1.

In the KS construction, in a series of papers by Klebanov and collaborators (with
Gubser [[§], with Nekrasov [I9], with Tseytlin [20] and with Strassler [f]), an additional
M number of D5-branes are wrapped near the tip over the S? cycle of Th1. See [@] for a
review. These wrapped D5-branes become fractional D3-branes localized at the apex of the
conifold. This enhances the gauge theory to SU(N+M)xSU(N) with A, As ~ (O, O) and
Bi, By ~ (0, O). This theory with the quartic tree level superpotential given by (R.1) is
dual to type IIB string theory on a warped deformed conifold, with AdSsxT"! background.
In this case, there is no value of common anomalous dimension that makes the physical
(G functions of the couplings vanish simultaneously; that is, the addition of the fractional
branes makes the theory nonconformal. The fractional branes induce 3-form R-R flux
through the S3 cycle of T™!. This flux, considered as a perturbation of the AdSs x T!
background, induces a 2-form backreaction potential which varies with the radius of the
TH1 and produces a logarithmic flow. It was argued that this theory undergoes a cascade
of Seiberg duality transformations with the duality transformation alternating between the
two gauge group factors. The flow of the couplings would continue until, in the case where
N is integral multiple of M, SU(2M) x SU(M) is left. At this point two different possible
routes are discussed in the literature. In one case, a pure SU(M) gauge theory is left in the
infrared which undergoes confinement via gaugino condensation [[f]. On the string theory
side, the confinement corresponds to a deformation of the tip of the cone via geometric
transition whereby the S? cycle is blown-down and the S is blown-up with 3-form R-R
flux through it. There is also a second possible route for the cascade ending in a baryonic
branch of SU(2M) x SU(M) with a quantum deformed moduli space and a massless axionic
moduli field [PJ]. Our work here confirms that the second route is the preferred one.

Assuming that the duality cascade picture is a correct description of the gauge theory,
we start with determining the corrections to the anomalous dimension. Once we find the
corrections to the anomalous dimension, we will study the effects on the supergravity side on
the setting of the singular conifold. The singular conifold geometry is a good approximate
description in the UV region near the edge of the throat which is enough for our purpose of



finding the steps and the corresponding sizes. We find that the leading corrections in M /N
come at orders expected from flux backreaction estimates. For instance, the leading order
correction to the anomalous mass dimension comes at O(M?/N?), the gauge coupling 3
functions receive leading O(M?/N) corrections and the dilaton runs at O(M?/N). This
is consistent with dual supergravity flux backreaction estimates [[[9, BJ] where the leading
order corrections to the anomalous dimension is expected to come at most at O(M?/N?).
The magnitude of the corrections changes after each duality transformation as the matter
content of the theory changes and this introduces steps in the backreaction H3 flux and
in the warp factor. In e~® for the dilaton and in the By NS-NS potential, it is the slope
in the logarithmic running which changes at the cascade steps. The corrections grow as
the cascade proceeds and the difference in the ranks of the gauge groups gets bigger. Our
premise of a changing anomalous dimension as the duality cascade proceeds and the matter
content of the theory changes is consistent with the picture of the theory flowing to the
baryonic branch with SU(2M) x SU(M). Here the reason for the flow to a baryonic branch
is because an additional Seiberg duality transformation would require an infinite “charge”
at the step.

3. Seiberg duality cascade

Let us consider the NV = 1 supersymmetric SU(N + M) x SU(N) gauge theory with chiral
superfields transforming as Ay, Ay ~ (O, ) and By, By ~ (0, O) in the KS construction.
The quantity v = v4 + vp stands for the anomalous dimension of any one of the objects
(A;B;j) made out of the bifundamental chiral superfields, which contains one A and one B
superfields and which must have the same anomalous dimension because of SU(2) global
flavor symmetry in the theory. Let us denote the gauge coupling of the larger group, which
is SU(N + M) in the 1% region, by g1, and that of the smaller group, which is SU(N)
in the 15¢ region, by g, and define Ty = —2mit; = 87%/¢? and Th = —27ity = 872 /g3.
Suppose we start with taking one gauge group as a weakly coupled gauge theory relative
to the other, then we can treat that weaker group as a flavor symmetry. The running of
the physical couplings [2J] with appropriate normalization of the gauge chiral superfields
can then be written as

1= n 0 — 3% 4 00) — 2V (1 - (1), .
By = d];/il) — 3N — 2N + M)(1 — 7a(1)), (3.2)

and an(1
By = N% =1+ 27,(1), (3.3)

where we have not yet identified the vs. We have put different indices on ~1(I) in (B.J), on
Y2(1) in (B.4) and on 7, (1) in (B.3) since the two gauge groups have different ranks and “see”
different numbers of flavors and would tend to flow with different anomalous dimensions.
The number “1” in the parentheses denotes the [ = 15 region, in the UV region just before
the first duality transformation in the cascade.



According to Seiberg duality, N = 1 supersymmetric SU(N) electric gauge theory with
Ny € (3N/2,3N) flavors, which becomes strongly coupled in the IR, flows to a nontrivial
conformal IR fixed point where it joins a dual SU(Ny — N) magnetic gauge theory with
Ny flavors. Now if we consider the SU(N + M) gauge theory and think of the other
SU(N) gauge group as a weakly gauged flavor symmetry, we have N' = 1 supersymmetric
SU(N + M) gauge theory with 2N flavors; its running is faster than the running of an
SU(N) gauge theory with 2(N + M) flavors. Therefore, the SU(N + M) gauge theory
would get strongly coupled faster in the IR and following Seiberg duality the appropriate
description of the theory in this region is in terms of a weaker dual magnetic theory. The
question of interest to us is the effective value of the anomalous dimension which dictates
the flow. Although it is the SU(N + M) factor that undergoes duality transformation
in the first step of the cascade, the flow cannot be dictated simply by the fixed point of
SU(N + M) gauge theory with 2N flavors for two reasons. First, the SU(N) group factor
which gives a flavor symmetry to SU(N + M) would itself get strongly coupled during part
of the flow. Second, the running of the tree level coupling has a fixed point for anomalous
dimension v, = —1/2. In fact, if we consider the two flows separately, the SU(N + M)
factor tends to make v < —1/2 while the SU(NV) factor tends to make v > —1/2, and
the strengths are slightly different and that is where the corrections to the anomalous
dimension will originate. Consider the non-trivial IR fixed point of the gauge couplings in
the nonperturbative regime. The anomalous dimension ~;(1) that would follow from the

fixed point of SU(N + M) with 2N flavors (5 = 0) is

=34 34

Similarly, the anomalous dimension 75(1) that would follow from the fixed point of SU(V)
with 2(NV + M) flavors (2 = 0) is

1 3 M

=—=4+2 .
v =5+ sy m

(3.5)

The duality transformation in the first step of the cascade occurs in the SU(N + M)
factor because it would run faster, when the two gauge factors are looked at separately.
In terms of the anomalous dimensions, it receives more deviation from —1/2 than SU(N)
does. The effective value of anomalous mass dimension which guides the running of the
physical couplings should lie somewhere in between. The gauge theory has the obvious
symmetry M — —M, N — N + M. Clearly, v should be even under this symmetry and so
cannot depend on M/N at first order. Note that this symmetry M — —M, N — N + M
interchanges v1(1) (B.4) and 42(1) (B.5), so that their symmetrization is invariant under
this symmetry, i.e.,

3 M?

ﬂn:_% AN(N+ M) (3:6)

That is, v is the average of v and 9. Indeed, we shall see that this leads to results
consistent with dual supergravity flux backreaction estimates [[[9, B(] where the leading
order corrections to the anomalous dimension is expected to come at most at O(M?2/N?).



Moreover, it gives a picture with the duality cascade ending in a baryonic branch consistent
with the discussions in [23, R1l, R4].

Note that one may consider an alternative proposal that still preserves the above
symmetry. Since v, = —1/2 already yields a vanishing 3,, v = (y1+7v2+¢v,)/(2+c¢), so that
the coefficient in the correction in the anomalous dimension (B.6) becomes 3/4 — 3/2(2+c).
For generic ¢, this coefficient remains non-zero and positive, so most of the qualitative
discussions below still hold.

The fact that correction in (8.§) comes in the form M?/(N(N + M)) is dictated by
the M — —M, N — N + M symmetry and the factor of —3/4 comes from the assumption
that the effective value of anomalous dimensions which dictates the flow must lie between
~v1 and 72 and the averaging. Our conclusions including that the gauge theory cascade
ends in SU(2M) x SU(M) depend on the form of M /N combination dictated by symmetry.
Corrections of order O(M/N) to the anomalous dimension were discussed in [[4]. The
corrections to the anomalous dimension we have here come at order O(M?/N?). Moreover,
o corrections of order O(M*/N*) near the bottom of the throat were discussed in [Rg]. Our
interest here is classical supergravity and the constraints from the gauge/gravity duality
are N> 1, M > 1, g;N > 1 and fixed. One also needs gsM not to be too small to trust
the supergravity side at smaller 7 where the ranks of the gauge groups become of order
M. We still want M to be a small perturbation on N, M < N. Our correction is smallest
in the early stage of the flow where the rank of the gauge theory is SU(N + M) x SU(N)
and stringy loop corrections would come at O(gs) ~ 1/N. Our corrections are bigger than
loop corrections so far as 1/N < M?/N? or M? > N. In the bottom region of the throat,
where Ngg ~ M and the ’t Hooft coupling is ~ g;M, stringy loop corrections would be
O(gs) ~ 1/M and our corrections are bigger than loop corrections, since 1/M < 1.

The resulting gauge theory after the first duality transformation is SU(N — M) x SU(V)
and now the running of the SU(N) factor would be faster and it is its turn for a duality
transformation as the renormalization group flows towards the IR. Now consider the gauge
group SU(N — (I — 2)M) x SU(N — (I — 1)M) in the I*" region approaching the I*"" step
in the duality cascade. For odd I, it is the gauge group whose parent is the gauge factor
SU(N + M) which undergoes a duality transformation, while for even [ it is the one with the
SU(N) parent. It is convenient to use g; for the stronger gauge coupling which corresponds
to the gauge group that undergoes a duality transformation and go for the other from now
on. Again treating one gauge group as a flavor symmetry to the other, we have, for the
flow from the (I — 1) to I duality transformations,

1
() = —5~ Ci1, (3.7)
1
WQ(Z) = _5 + Cl—?a (38)
where
3 M
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The anomalous dimension for the region in the cascade then follows from the sym-

metrization of the two,

_ 1 3M?
M= =5 =320 = =5~ N e — (N + M~ M)

(3.10)

Now we are ready to identify the effective values of anomalous dimensions which dictate
the flow,

N (Det = V2(Det = 1Dt = Y(1)- (3.11)
With this common value of (1) given by (B-10), (B-1), (B-2) and (B.3) become
dTy (1)
=3M — Cj_oM 12
s 3 Ci_oM, (3.12)
dTa(l) _
= M =G, (3.13)
dn(l 2
ﬂ%) S (3.14)

Thus, the effective running of the couplings makes g; get stronger while go gets weaker as
the theory flows to the IR. In some region during the flow the two couplings have about
equal strength. The dimensionless tree level coupling w after the duality transformation
goes like the inverse of that before the transformation and the corresponding 8 function
changes sign. As the magnitude of the anomalous dimension across each step of the cascade
changes because the changing matter content of the cascading theory, so do the coefficients
in the logarithmic running of the couplings. We see from the 3 functions in (B.12) and (B.13)
that the physical running of the gauge couplings has appropriate feature with O(M?/N)
corrections. We will later discuss the running of the gauge couplings further.

Let us check if the magnitudes of the anomalous mass dimensions we have here
are within range for Seiberg duality. The mass dimension of O = (A41B1)(A2B2) —
(A1B2)(A3By), d[O], for the flow from the I to the (I + 1)™ duality transition points

1S

3M?
dO]=4+2y=3—- . 3.15
O] =4+ 2(N — IM)(N + M — IM) (3.15)
For the flow involving % — 1 duality transitions, we have % <d[0] <3 - %N(]]\\f/li-i]\/[) For
the mesons, 3 < d[(4;B;)] < 3 — %N(NLjM) Thus the operator O is relevant throughout

the flow. Note that the mesons have mass dimension d[(A4;B;)] > 2 and this is consistent

with the > 1 bound for the mass dimension of scalars at a conformal fixed point. Here the

theory flows nearby such a fixed point. The mass dimension d[(A;B;)] changes from 4 to

% across the last (% — 1)* duality transition and a further duality transformation would
have made the mass dimension of the mesons < 1 which would be inconsistent. Here,
d[(A;Bj)] actually diverges for | = N/M. To avoid this, the duality cascade should have

only K — 1 transitions and ends with SU(2M) x SU(M).



4. Supergravity side

4.1 Type IIB supergravity action

Type IIB supergravity is the effective low energy background of type IIB strings. In
this section we want to review and write down a summary of the action and the general
equations of motion of type IIB supergravity consisting the fields of interest to us here.
The point here is to see the general relations among the fluxes and the metric. At the
same time we will see some of the special cases in which the equations reduce and become
simpler to deal with directly.

The pair of 16 component spinors of A/ = 2 supersymmetry in ten dimensions have the
same chirality in IIB and the corresponding spinor representation can be written as 164 16.
The nonperturbative description of strings contains Dp-branes, which have p spatial and 1
time dimensions. In the IIB case, p is constrained to take on odd numbers. Our interest here
is IIB backgrounds in the presence of D3- and D5-branes, and in particular on AdSs x 71!
background with the D5-branes wrapping the S? cycle of Th! near the tip. The gauge
theory dual to this supergravity theory is a nonconformal N' = 1 supersymmetric SU(N +
M) x SU(N) with bifundamental chiral superfields and a quartic tree level superpotential.
The flow of the theory induces a backreaction 2-form NS-NS potential. The relevant field
content of type IIB supergravity are a dilaton ®, RR 0-, 2- and 4-forms Cy, C and Cy,
and NS-NS 2-form Bs, with corresponding fluxes Fy = dCy, F3 = dCs, F5 = dCy and
Hs = dB; PG. We also use the same symbols for the partial derivatives of the fields,
= 0C,, F3 = 0Cy, F5 = 0C4 and H3 = 0By as it should be clear from context which
one is meant. We will use normalization in which the RR flux from a Dp-brane satisfies,

/ *Fpio0 = 26" 1N , Ty = l\/F(47T2o/)(3*1”)/2 , k=81 2g,a' (4.1)
S8—p Js K
where Fj,1 9 is (p + 2)-form flux, 7p is the Dp-brane tension, & is the gravitational constant
in ten dimensions, o’ is the string scale (Regge slope), g5 is the string coupling and N is
the number of Dp-branes.

For the stack of N regular and M fractional D3-branes we have

1 1
— Fs=N — F3 =M. 4.2
(4m2a/)? /Tl’l b ’ Ar2e) Jgs ' ? (42)

The bosonic part of type IIB classical effective supergravity action is then, in Einstein

frame,
SlO — i dlox /—G|R — 1(8@)2 _ 19262¢F12 — ieicI)Hg (43)
k2 2 278 12
1 Qe‘l’F?——l 22 1 204 ANF3ANH
1295¢ 78 T p19s e | T s TS AHE ]
where

F5EF5—|—B2/\F3, FgEFg—CQHg, (44)
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G is the determinant of the metric in ten dimensions and R is the Ricci scalar. The 5-form
flux is required to satisfy the self duality constraint

*Fg) = F5 (45)
and we write
F5 = F5 +xF5. (46)

The corresponding equations of motion are
1 1 1 _
Run = 50PN ® + 593(3%31\40031\/00 +7¢ ®(Hs)pop(Hs)J"

1 ~ ~ 1 -
795" (Fa)arop(Fa)R" + 5593 (Fs)arorar(F5) 3"

1
CDFs + —95F5> (4.7)

1 1
-G —tH?
MN<48 ST 960

48
1 1 - _
dxdd = gs 2¢F1 /\*F1—§€ chg/\*Hg—i— 2g CDFg A xF3, ( )

*(e*PF) = —e®Hy A +F3, (4.9)

d*(e Fg) = F5 A\ H3, (4 10)

d* (B_CDHg 95006 Fg) = —ngg; A Fj. (4 11)
dF5 = H3 A F3. (4 12)

The uppercase indices M, N, ... above are for the ten dimensional spacetime coordinates

and G is the metric. Multiplying both sides of ([E7) by GMY gives

R= %(0@) + ; g2e?*(0C))? + —e PH2 + —g2e®F2. (4.13)

24 24

We note a few general features of the theory from the above equations of motion.
From ([.9) we see that the H3 and the Fj3 fluxes are perpendicular when Cy = 0, which
is the case in KS and we will set Cy = 0 in our analysis from now on unless when we
explicitly state otherwise. From ([.§) we see that the dilaton would be constant for a
precise matching of the H3 and F3 fluxes such that e=®Hz A xHz = g2e®F3 A «F3. In the
case when the dilaton is taken constant, the equations of motion simplify and the solution
on a singular conifold was found by Klebanov and Tseytlin [R(], with the singularity at
tip of the conifold where the radius of AdSs (or T11) vanishes. However, with the KS
picture in terms of Seiberg duality cascade, confinement via gaugino condensation at the
end of the cascade on the gauge theory side leads to a deformed conifold with the tip
being S3. In this case, the tip of the cone is smoothed out and cut off at some finite
r whose size depends of the magnitude of the ’t Hooft coupling in the confining gauge
group, gsM, which is related to the glueball superfield [P7] with expectation value related
to the scale of the confining gauge theory. Thus one needs a metric and flux ansatz which
takes into account the interpolation between S3 at the tip and the asymptotically S? x S3
geometry at large r. With a metric ansatz, one computes the Ricci scalar, and then equate
it to (f.13) to determine the geometry and obtain the Klebanov-Tseytlin solution [R{]. A
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second special case is where the NS-NS flux Hj is turned on by wrapping NS5-branes on
S? while both R-R fluxes F5 and Fj vanish and the equations are simplified. Now we
cannot have a constant dilaton, since the right hand side of ({.§) is nonzero. The solution
to this case with A/ = 1 supersymmetry was obtained by Maldacena and Nunez (MN) [R§].
The KS solution on the deformed conifold with Fy and F3 fluxes turned on and the MN
solution with the Hsz flux turned on are two well-known regular solutions on type IIB
background with N' = 1 supersymmetry. A natural question was whether there existed a
flow between them. The possibility for this was analyzed and a metric and a flux ansatz for
it given by Papadopoulos and Tseytlin [R9]. This issue was further investigated by Gubser,
Herzog and Klebanov [R3] who found a leading order perturbative solution around the KS
solution. Butti, Grana, Minasian, Petrini, and Zaffaroni used SU(3) structures to find a

one parameter set of numerical solutions which flow in a direction from KS to MN [R4].

4.2 Mapping gauge coupling running to supergravity flow

In this section we want to apply the gauge/gravity duality to map the renormalization
group flow of the gauge couplings to the running of the dilaton and the backreaction NS-
NS 2-form potential. We discuss how, with the inclusion of the corrections, the gauge
couplings in their renormalization flow may stay finite throughout the duality cascade.

The stack of M D5-branes wrapping S? of the AdSs x T"! background creates 3-form
flux through S3 which induces a backreaction 2-form potential By in the S? cycle. The sum
of the two gauge coupling coefficients T, = T + T5, which can be taken as the effective
gauge coupling, is related to the effective string coupling containing the dilaton in the dual
gravity theory. The difference between the two gauge coupling coefficients T = T} — T
is nonzero because the ranks of the two gauge groups are different and it describes the
nonconformal nature of the theory. Indeed, T must dictate the flows in both the gauge
and the gravity theories. We note that the supergravity equation of motion in the presence
of nonzero R-R F3 and F5 fluxes from the D3- and D5- branes could have a consistent set
of solutions only if the NS-NS 2-form potential By is nonzero. Indeed, the two parameters
Ty and T_ on the gauge theory side are mapped to the effective string coupling and the
2-form potential By through the relations [[[9, B0,

2T
T1 + T2 - 93?, (414)
2mr 2 -
T1 - T2 = gsecb (b - 1) = gsecb (bg(mod 2)) (415)
where
b—1=0by(mod2),  by=by—1, (4.16)
and 1
by = —— Bs. 4.17
2= on2y /Sz 2 ( )

The variable by, measures the deviation of T_ from zero due to the backreaction Bo
potential from where the two gauge couplings have equal magnitude in r < 7 < 7.
Therefore, the flow is such that by = 0 at the first point where the two couplings are equal.
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Figure 1: A schematic comparison of the flows of the couplings in SU(N + M) x SU(N) without
the corrections (dashed lines) versus that with the corrections to the anomalous mass dimension
(solid lines). Note that a Seiberg duality transition occurs when the flow of T_ (1) = T1(1) — T»(1)
reaches a period in bs.

We will arrange the supergravity flow such that by(r) vanishes at the edge of the throat,
r =rg, and 0 < b < 2. Following from the quantization condition on Hg, mby must be a
periodic variable with period 27. This periodicity is crucial for the cascade phenomenon.
Note that by decreases as the theory flows towards the infrared (smaller r) and Seiberg
duality takes place when b—1 reaches —1. Forry <r < 0, we label the couplings as T;(1),
where “1” labels the fact that the flow is in the first region, i.e., the couplings are for the
SU(N + M) x SU(N) gauge theory. We see from (B.1J) and (B.1J) that the running of
Tl(l) and TQ(l),

oTy(1) 3 M?
=3M — = 4.1
op 3 2N+ M’ (4.18)
oTr(1) 3 M?
e —3M — S, (4.19)
or_(1) 3 M3
o M NN (4:20)

The flows are illustrated in figure . Let us first consider the KS case without the corrections
to the anomalous mass dimension. Let us start at the value of 7 < ry where b = 1,by=0
or b = —1, so that the two gauge couplings are equal. The dilaton ® = 0 in KS and the
running of T} (1) is given by ({.1§) and (4.19), with £3M. As r decreases to r = ry,

~

T — 0, b—0, (4.21)

that is, g1 — oo when by — —2. With our notation, b takes values between 0 and 2. At
r = r1, Seiberg duality transformation occurs, so T1(1) — T5(2) and 75(1) — T1(2). Now
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the flows correspond to that of the gauge theory SU(N) x SU(N — M), where T7(2) starts
decreasing (towards small 7), that is, SU(N) is getting strongly interacting. Seiberg duality
transformation takes place when the strongly interacting coupling ¢; is infinite. On the
other hand, the warped geometry in the supergravity side is completely smooth as we pass
through such a duality transition.

Now let us consider the case with the corrections included, with the flows of the
couplings given by (f.20) and schematically illustrated in figure [] as solid lines. We see
that T (1) is decreasing slower while T5(1) is increasing faster as r decreases. Note also
that ({.20) shows that T_(1) is flowing faster so, starting at ~ where the two couplings
are equal in ;1 < r < rg, by reaches a period with the flow tilted with respect to the
case without the corrections as shown in figure [I], since the magnitude of the slope in the
running of 75 is greater than T7. The locations of duality transitions happen to occur
further away at smaller r with the running of both ® and b, is taken into account in the
gauge/gravity duality mapping as shown in figure fl. We will see that from the values of
7, in section f]. The first duality transition occurs when the effective number of D3-branes
drops such that the stronger gauge group changes from rank N + M to rank N. This
translates to a decrease in by by 2 units, which takes place at small but finite 77. For the
flow from the (I — 1)* to the I*" cascade steps we have (B.19) and (B.13),

d

mT+ = - <Cl—2 + Cl—1>M, (4.22)
d

mTf = <6 +Ci_q1 — Cl_2> M, (423)

where A is the scale of the gauge theory and A. is the cutoff. The scale of the gauge theory
is mapped to the radial coordinate r of AdSs in the dual gravity theory, so we have

A~ (4.24)

We note that the magnitude of the correction to the running of 7 increases with increasing
I, since Cj_1 > Cj_o. This increase in the coefficient of the logarithmic running of 7 will
lead to a change of the slope in the logarithmic running of the By potential which results
in a step in the 3-form NS-NS flux H3 and in the warp factor at a duality transformation.
Applying the derivative with respect to In(r/rg) on (K.14) and (K.15), we obtain
d —®
dln (r/rg) c

m (b) - D, (4.26)

where rg is the AdS5 radius at the edge of the throat and we have introduced two sets of

= -5, (4.25)

constants,
gsM gsM

21’ 21
Notice that S; ~ 1/K while the correction in D; goes as 1/K?2. Suppose the I*' duality
transformation takes place at r = ;. First we can solve ([£.2) for ®(r) in the range r > rq,

S = (Cl—l + Cl_z)

Dy =(6+4+Ci—1 —Ci_2)

(4.27)

e ) = ¢~ _ S In(r/ry) = 1 — Si[In(r/ro) — c1] (4.28)
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where ®y may be absorbed into the definition of g5 and ¢; should be determined by an
appropriate boundary condition. Note that we have chosen ®(ry) = ®( at some r = r5 and
e~®(0) = 1 4+ Sj¢;. We then have the solution for ® in the range 1} < r < r;_1 between
the (I — 1)'" and the I*" duality transformation locations,

-1
e M =14 8¢ — Z SiIn(ry/re—1) — SiIn(r/r_1), (4.29)
k=1

and A/A. = r/ro. The values of r; will be computed using the change in magnitude
of by. The leading term in the variation of e=® /g, with respect to In(r/r;_;) comes at
O(M?/N) consistent with flux backreaction expectations [[J]. Note that near the bottom
of the throat at r = rx_1, using In(rg/rr_1) ~ —1/gsM which we will see later, we have
e D) — et — NG (1) ~ — (g, M2/N)(—1/g,M) (N/M) = O(1)
and, therefore, the change in e~® from the edge to the bottom of the throat is O(1).

Our interest is first to show how kinks appear in the running of the dilaton and the
B potential which lead to steps in the Hs flux and in the warp factor. The expressions we
present are only approximate and good for the large r region. We will not attempt to find
the full supersymmetric solution on the supergravity side on the deformed /resolved conifold
here. We seek a UV approximate expression for by (r) with ba(rg) = 1 (or ba(rg) = 0) at the
edge of the throat. This corresponds to the case in which the gauge coupling g just starts
getting stronger while g9 starts getting weaker as the theory starts flowing down from the
edge of the throat. We then obtain from ([L26) for r in the range r, <r < r;_q,

e by (r) m e *=by(ry_1) + Dy In(r/ri_1). (4.30)
The I* duality transformation will occur at r = 7; such that by(r;) = —(21 — 1). With this

and expressing In(r/r;_1) in terms of @, (1.30) gives

-1
_ D
e *Oby(r) = —(20 = B)e P 4 2 (e“l’(”” = Seln(ri/ri-1) - e“”’"’) . (431)
! k=1

The 2-form potential for the same range of r then follows from (f.17) and ([.30),

ol wo
2 )

BQ(T‘) ] bQ(T) (432)
where wy denotes the S? cycle in 71! = §? x §3. The corresponding 3-form NS-NS flux
H3 = dBy is, noting that Oby/Or = dbs /O,

ma! dr A wo

4.
o (433

e ®M Hs(r) = <Dl + Slbg(r)>
which has steps at Seiberg duality transformation locations, since the magnitudes of D;
and S; change across locations of duality transitions. Each time r decreases past r;, by
drops by 2, as implied by Seiberg duality and ([.1§). Note also that the steps in the flux
give steps in the metric as the two are related by equations such as ([.13). We will study
the steps in the warp factor in section [f.
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Finally we like to point out that the dictionary in the mapping between couplings
in the gauge and the gravity variables (f.14) and (f.15) should have corrections. Let us
discuss this point in some detail here. First consider the above mapping by introducing

the variables

gse®
ty =t +ia= o (T1 + TQ) =1, (4.34)
gse® -
te=t1—to=2—(T1 —Th)=b—1 (4.35)
2
Since R R
b 2—b
t1 == tg = —— 4.36
=0 =1 (4.36)

and t1,to > 0, we see that 0 < b<2and 1> t1,to > 0. (This is illustrated in figure El)
Let us ignore corrections and start at the value of r < rg where b = 1 so that the two gauge
couplings are equal. As r decreases to r = rq,

~

t1 — 0 b— 0, (4.37)

that is, g1 — oo. In the KS case, the geometry is smooth as we cross the Seiberg duality
transition point. With the corrections coming from the anomalous mass dimension we have
here, the steps in the warp factor and the kinks in the dilaton introduces discontinuities.
Clearly, we expect such discontinuities to be smoothed out by further correction terms.
That is, we expect that the relations ([l.14) and ([£.1§) should be modified by corrections.
For example, if the mapping ([.14) is not exact, then we expect either a correction on
the gravity side, or equivalently, a correction on the gauge theory side. If the gravity side
in () has a positive correction, either coming from o’ or quantum corrections, such a
correction will allow the flow of g1 to a large but finite value, as expected. We also expect
the anomalous dimension to depend on the scale A ~ r. Such corrections should smooth

out the discontinuities in the warped geometry and the dilaton flow.

5. Warp factor with steps

We shall consider the UV region where the correction to the anomalous dimension is rela-
tively small. In this region, the effect of the deformation of the conifold is small, so we can
use the singular conifold geometry.

First we want to summarize the singular conifold metric for the sake of completeness
and clarification of our notation. The ten dimensional metric which describes the singular
AdS5 x TH! geometry has the form

ds?® = H71/2(r)nw,dac“dx” + HY2(r)(dr® + rds3i.), (5.1)

where dSQTL1 is the metric on the 71! = §3 x S? base of the conifold which is parameterized

by five angles 61, 62 € [0, 7], ¢1, p2 € [0,27], and ¢ € [0,47]. A compact notation of the
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metric and the cycles in T'%! is obtained by introducing the 1-forms [B1], fi],

where

el = —sin 01don e? = db , e3 = cos 1 sin Oadgs — sin dbs
e* = sine sin Oadds + cosdfy, € = dip + cos 01dpy + cos Oadeo. (5.3)

The metric on TH! can then be written as

=
dsQTl,l =3 Z
1 . R
=3 <d¢ + Z cos b; d¢z> +2 Zl (d6? + sin® 0;d¢7) (5.4)
The S? and S? cycles of TH! are represented by the following 2- and 3-forms
wy = %(91 NP+ NG, ws= %gf’ NgtAg?+ g Agh) (5.5)

which give

/53 wy = 82, /52 wo = 4. (5.6)

Our notation is such that the inner product of a p-form w, = ﬁ(wp)Ml...MpdﬂUMl A+ ANdxMe

satisfies

1 1
wp A *wp = o (wp)Ml___Mp(wp)Ml Mp yol = o gvol (5.7)

where vol stands for the ten dimensional volume element which we write as

5 sin 0 sin oV H
vol = -2 11(8)1; 2\/_dm0/\dx1/\dxz/\dx?’/\dr/\di/z/\del/\d@g/\dqbl/\d@

5\/_
= oz de® Ndat Ada? AdaP Ndr A gt A gE A G A Gt N G (5.8)

Moreover, the above ten dimensional metric gives the Ricci scalar

R= _QH%/Q <H” + gH’> (5.9)
As we have seen, the corrections lead to a running of the dilaton with the slope in the
logarithmic running of e~® changing across each cascade step. Moreover, the Hs flux has a
step-wise jump at each cascade step. In this section we want to find the resulting step-wise
corrections to the warp factor.
First let us recall the Klebanov-Tseytlin (KT) solution [R{] on the singular conifold.
The N regular D3-branes induce flux through 7!, the M fractional D3-branes induce
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flux through S3, the backreaction H3 flux is through dr A wo. With the quantization given

in ({.3),

1

F; = §Mo/w3, (5.10)
H; = Q—igsMa'dr A wa, (5.11)
Fs = %7‘(‘0/2 <N + %gsM2 ln(r/r0)>w2 A ws. (5.12)
In this case,
1} = g2y = 20 (5.13)

The relation between F3 and Hj as given by () is valid only when the dilaton is constant
as we can see from one of the supergravity equations of motion given by ({.§). One then
puts (5.9) and (5.13) in ({.13), with ® set to zero, and solves for H(r) to obtain the KT
solution [R(],

_ 27ra’% g, N 39, M2
21

Ho(r) 4rd

[In(r/ro) + 1/4]> ) (5.14)

where, with the volume of 71! given by vr® = 1673 /27,

2710 gs N
rg = 4wa?gsNjv = 77“14 Is (5.15)
and the locations of duality transitions in the KS throat are given by
2lm (5.16)
rp=rgexp | — . .
1 0 €xXp 3. M

Note that the constant piece N in (5.14)) is determined by the boundary condition. We see
that the effective D3-brane charge is given by

3, M2
Ny = N + g; In(r /o) (5.17)

so that at r = r;, Neg = N — IM. The term with 1/4 factor is introduced to ensure that
the warp factor Hy(r) is monotonic for rg > r > rg.

Now let us proceed with the corrections included. First we want to find the locations r;
where the duality transformations take place. The relation between r; and r;_7 is obtained
remembering that by(r;) — bo(r—1) = —2 and by(r;) = — (21 — 1) which with (£30) or (£.31)

gives the recursion relation

B _i — e~ %) _ — e~ P(ri-1)
In <T1—1> > <(2l 1e (20 — 3)e

J— — ——e -1 = - -1 3 5.18
Dl + Slbz(rl) Dl — (2l — 1)51 ( )
which gives
2 —®(ry_1)
pu— —_— - .1
T 70 €Xp [ E - (2]{: 1)Sk e (5 9)

=1
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or combining with ({.29),

l
2
] = Tge€ex — 5.20
e p[ <,§1Dk1—(2k1—1)5k1 (5:20)
k1—1 ko—1
25 2S5}
1+ 2 (1 + 2

O S G (=) ))))

For instance,

B 2 2 25, _8(r0)
7“2—7“06Xp|: <D1—51+D2—3SQ<1+D1—51>>6 . (5.22)

Next we would like to find the equation of motion for the warp factor. We will do that
without a need for computing the explicit expressions for the fluxes, since it is actually
H3?H g which will come in the equation of motion of the warp factor after combining ([.§)
and (f.13). If one needs to determine the fluxes explicitly, then it would be necessary to
decompose the fluxes with appropriate ansatz and solve all the supergravity equations of
motion consistently. First let us rewrite (f.§) and (f.13) with Cy = 0, the metric given
by (pb-1]) and the corresponding Ricci scalar (.9),

o L o275 a7
<<1>" + ;@')H =13 (e g:f—e h) , (5.23)
and
5 2 L s 27, a7
—(H”+;H’> :<I>'H+E(e g:f +e %h), (5.24)
where we have defined
f=HY?F2  h=H*?H2 (5.25)

Whenever the dilaton runs, as in the case here, both sides of (f.29) are nonzero and
consequently x5 # e~ % H3/gs and the 3-form combination F3—ie~® H3/gs is not imaginary
self dual. We have already found h from the gauge/gravity duality mapping, with ({.33)
and (p.25),

_ 27 212 B 2
h = 7:0604 <Dl —i—Sle(?“)) e??. (5.26)

Now we can use (f.23) to find e®g2f and substitute it into (5.24) to find the equation of

motion for the warp factor in terms of known quantities,

1 _
H' 4+ 2H 4 (@72 + 0" + 20 H = e h, (5.27)
T T

,19,



The form of the equation of motion given by (f.27) holds for any H3 flux so far as all its
components are in the internal (extra) space. Because Fj drops out in combining (p.23)
and (f.29), it could have any components (and the f terms could have additional factors of
H) so far as it is consistent with Hs3 having internal components and the fluxes satisfy the
Bianchi identity and the supergravity equations. The equation of motion (f.27) remains
valid, even if we turn on F}, since it drops out in the same way as F3 too. Moreover, it is
always possible to express the fluxes with all components in the internal space using the
democratic formulation [BZ]. We know from the running of the dilaton ([.2) that

Sl Sz Sl
(bl _ (] @/I — L 2P (i3] 528
r e 72 72 (5.28)
and (f.27) can be rewritten as
) 2 1 -
H" +ZH' + S (S7e*® +25,e”)H = —Ee*‘I’h. (5.29)
r r

Thus we have obtained the equation of motion for the warp factor which contains only
variables we have determined in the gauge/gravity duality mapping.
Let us write h and the warp factor H as

h = hg + 6h, H = Hy+ 6H, (5.30)

where hg = 243a’%g2M?/r® and Hy given by (f.14) are the corresponding values in the ab-
sence of corrections to the anomalous dimension. The equation of motion for the correction

term is then

SH" + §6H’ =W, (5.31)
r
where 1 5
W, = —é(e—‘bﬁ — hg) — ﬁ(sfem +25e®)Hy (5.32)
Integrating (5.31) twice,
" dr! 5¢ry! v " s 1"
SH(r) =0H(rg) + 3 rodH' (o) + dr' Wi (r") |, (5.33)
0 To

where the boundary values 0H (rg) and dH'(rg) need to be fixed appropriately such that
H = Hy when K — oo and H|y—¢ = 27ma’?g,N/4r* from the N D3-flux.

Here we will calculate the warp factor perturbatively to leading 1/K corrections. The
expressions we present in the remaining part of this section contain only leading corrections
in 1/K and higher order terms are ignored. Expanding the terms that come in (f.29)
or (5:33) for the flow from the (I — 1)*" to the I*" duality transition locations,

3gsM 1
S2e?® 4 28e® = T - 5.34
1€ + € p K’ ( )
— 24302 g2 M? 9g. M 3g. M _ 1
e ®h = S0 s gy (P (D) 2 (D) o-3) ) .
r6 2 ro T o K

(5.35)
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With (5.34) and (5.35) in (F.33), we have

Aln( )+ Bl 1
Wi = T—GK’ (5.36)
where
2, 2 3M3
A = 2A3aTg M7 (5.37)
™
24302 g?M? [ g M . 1. (K —20-3)7 gsM
B = = — | .
l ™ ( 3 ro )+ 6 16 > (5:38)

or, equivalently, (b.34) and (f.3§) with (b.3() in (p.29) give the equation of motion for

leading order corrections,

5 6M1 81’22M29M 3g. M _ 1
SH"+ 261+ 207~ gy = 222 s ( 952 1n <i>—gs—1n <D>—(21—3)>—.
T

K 2r6 2 To T To K
(5.39)

The warp factor containing leading 1/K corrections can then be obtained either by
putting (f.36) in (5.33) and integrating, or by solving (5.29) with the boundary condi-
tion such that H|y—o = 27ma’2g;N/4r* from the N regular D3-branes and H = Hy when
K — o0. The result is

392 M? [ 1]
n +
2T

(39;?42 [m (%) + ﬂ [39;]” ln< lo > (21— 3) — 39857?4}
() v (5 1))

for the flow from the (I — 1)*™ to the I*" duality transition locations.
To get an estimate of the sizes of the steps, let us consider the step at » = r1, where

7y is given by (5.21)), to leading order in 1/K,

1 2T 1
(™) ~ — 14— 5.41
n(ro) 3. M ( + 2K> (5-41)

The step in the warp factor at r; comes from the difference between the warp factor H(1,r)

H:f[ N+ (5.40)

for the flow from 7 to 1 and the warp factor H(2,r) for the flow from r1 to ro. This follows

from (BA0),

27ra? (3g2M2 [ (r\ | 1][3gsM (1 L
H(1,r) — H(2. 1) ~ z In{—]+- —In{ )2 )2
( ,701) ( 7T1) 474411 < 2 |: n<7“0> +4:| |: T n<7"0> * :|>K

27ra/2gs N 3gsM\ 1
~ ——= (11— —. 42
4ry < T > K3 (542)
and the relative size of the step is
H(1l,r1)— H(2,m) 3gs M\ 1
~(1- —. 5.43
H(1,7r) 8t ) K3 (5.43)
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Figure 2: Warp factor plotted for parameters g = 0.3, K = 100, M = 20, ¢ = 0.0001 and
To = 100.

Thus the height of the step in the warp factor is of order 1/K3. The reasons for the
1/K?3 order in the height of the step are the following. First, the correction in H(r)
itself comes at order 1/K. Second, the step comes in the difference between H(1,r) and
H(2,r) across a duality transition which gives an additional factor o< g;M/K effectively
coming from corrections to the location of the step. These two together give a factor
x (1/K)(9sM/K) = gsN/K3. We also note that there is a critical value of g;M, the warp
factor steps down for values of gsM such that g;M < 8r/3 and steps up for gsM > 87/3
as the theory flows across r = r; down toward the bottom of the throat. We connect the
steps with interpolating tanh function and write the warp factor given by (5.40) as

ric

K—1
Hr)=H1r)+ > % <H(l +1,7) — H(l,r)> <1 + tanh [” - TD (5.44)
=1
where H(l,r) is the warp factor given in ([.40) for the flow in the region from the (I — 1)
to the I duality transition locations and ¢ is a parameter which describes the sharpness
of the steps. An illustration of the warp factor is shown in figures f| and fJ. The steps are
not visible in figure f], since we have taken large K. A magnified plot of the first step in
the warp factor is shown for a relatively small value of K in figure f.

6. D3-brane world volume effective action

In this section we like to discuss the D3-brane world volume effective action in the warped
geometry. In particular, we like to see how the steps in the warp factor from the Seiberg
duality cascade show up here. The presence of steps is actually very generic as a correction
to the approximate geometry for a warped throat. The action here may be used to study
how brane inflation can be implemented such that the steps may give possible stringy
signatures in the cosmic microwave background radiation in the KKLMMT inflationary
scenario. To be concrete, we shall present our discussion within the context of the KS

throat discussed above.
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Figure 3: A magnified plot of the first step at » = r; in the warp factor for parameters g; = 0.3,
K =5, M =20, ¢c=0.0001 and o = 100.

In the KKLMMT scenario, inflation takes place when a D3-brane moves in the throat.
The inflaton is the location of the D3-brane from the bottom of the throat. The D3-
potential gets contributions from a Dirac-Born-Infeld (DBI) term and a Chern-Simons
term in the action, as well as possible terms due to a presence of D3-brane sitting at the
bottom of the warped deformed throat. The DBI term contains e~® while the Chern-
Simons term does not. When the dilaton is constant, as in the KS solution, the two terms
cancel out and the D3-potential vanishes in the absence of a D3-brane. Consequently, one
needs other sources such as D3-brane to attract the D3-brane. Here we can have a dilaton
driven inflation, since the dilaton runs and the D3-potential is dynamically nonzero.

Presumably, we are interested in inflation that takes place when r < rg, where rq is the
location of the edge of the throat. Thus, given ry, we can determine all the other duality
transition locations r; and the bottom of the throat is at 74 = rx. In the large K limit
and for small [, the corrections may be very small.

Including the expansion of the universe, the 10-dimensional metric takes the form:

ds®> = HY2(r)(=dt? + a(t)?dx?) + HY2(r)(dr? + r?ds2.1) (6.1)

Here the cosmic scale factor a(t) is that of an expanding homogeneous isotropic universe
spanned by the 3-dimensions x, and r is the coordinate for the flow in the throat. The
metric ds2T171 is for base of the conifold. Warped spaces are natural in string theory models
and are useful for flattening potentials and for generating a hierarchy of scales with the UV
at the top (edge) of the throat and the IR scale at the warped bottom (around r ~ r4).
Crudely, H(r) ~ (r/R)~%, where R > r4 is the scale of the throat. The expression for the
action includes the dilaton ®, the metric Gy, the anti-symmetric tensor Bjsn and the
gauge field Fjsn. The Chern-Simons term contains couplings between the brane and R-R
fields (p-forms) C), with p even for type IIB theory. We use variable £ and indices {a, b}
for coordinates and quantities on the brane and we have

4
Sps = —Tj4 / d*¢e™® \/det|Gap + Bay + 210! Fyp| £ pu3 / > Cp| Atr [eQM’”B] (6.2)
My _
p=0
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where T3 = [(27)3gsa’?] 7! is the tension of a D3-brane. Here gs is the string coupling and
the Regge slope o/ = m 2 sets the string scale, where m is the string mass scale. The
quantities inside the determinant have been pulled back onto the brane and the + is for
a brane/anti-brane. In particular, note that the pulled back metric (Gyp) will contain the
warp factor. In the second term pug = gs7173 is the brane charge. The integration is over the
D3-brane world volume, and contributions should, of course, have the correct dimension.
In the simplest cases, many of the fields appearing in (f.2) are trivially zero. However, for
more interesting solutions we will need to solve the supergravity equations to find each of
the fields.

We now consider the simple case with vanishing pullbacks By, and Fjp, and only Cy
non-zero (D3-branes are charged under the 4-form RR field C4). The D3-brane alone in
this background is supersymmetric. In addition, the supergravity equations require that
components of C4 on the brane be 1/H (r)gs. We have aligned the brane coordinates with
the usual space-time coordinates so that the only non-zero derivatives in the pullback are
those with respect to time, and we assume that only the radial motion of the brane is
important. Then (f.9) simplifies to

I R (O -
Sps = [ d*x —e “\1—H(r)y?+1). (6.3)
H(r)
For slow motion along r, this reduces to
Sp3 ~ /d4xa3(t)T eiqbﬁ _ ! (e™® —1) (6.4)
P8 ’ 2 H(r) ' '

We see that the D3 potential Vps(r) = (e=®(") — 1)/H(r) vanishes for constant dilaton
® =0.
The inflaton ¢ is related to the position of a space-time filling D3-brane moving in

such a throat. Specifically,

¢ =1y (6.5)
so we have the following inflaton action in the slow-roll regime,
— <ﬁ2 T3 —d
Sm%/M%@eéw————@ @ _ 1|, (6.6)
2 H(9)

where ®(r) — ®(¢) and H(r) — H(¢).

The kinetic term in this action has the form considered in [BJ]. The potential is similar
to that considered in [B4]. Effects of features in the inflaton potential were also studied
in [B]. Note that the D3-potential term in (p.6) vanishes for ® = 0. One may consider
two possibilities: (1) ® = 0 as the asymptotic value of the dilaton at large r. That is,
the D3-brane is mobile in the bulk away from the throat; (2) ® = 0 at the bottom of the
throat, so the D3-brane is BPS there.

Here we take ® = 0 at »r = rg or 1 + S1c1 = 0. We can always add an inflaton mass
term if necessary. Using ([.29),

- r ¢
—e = —Sl; = —Sla (6.7)
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Now we connect the steps in the D3-brane potential with an interpolating tanh function.
First let us write the D3-brane potential for the flow between r;_1 to r; as

Vos(lr) = Ty = 1 6.8
p3(l,r) = 3Wa (6.8)
where we use H(l,r) given by (5.4(),
27ma’? 392 M? r 1
H(l,r) = ——|gsN £ In(— - .
(L) 4rd [g T o [D<T0>+‘J (6.9)

392 M? r 11](3gsM 1 3gsM
— 5 In{— - In| — 20 —3) —
([ (5) ][5 () re-9- %
9g3 M3 r r 2 11\ 1
——=5 In{ — 2( In | — - |=
472 [n<r0>+ <n<r0>> +4 K|’
-1

e ®Ur) =1 4 S — Z Sk In(ry/rr—1) — SiIn(r/ri_q). (6.10)
k=1

and @ given by (f.29), (£:29),

We then connect the steps with interpolating tanh function and write the D3-brane po-
tential given by (6.) as

K-1
VDg(T) ~ VDg(l,T) + Z % (VDg(l + 1,7“) — VD3(Z,T)> <1 + tanh |:rl — 7“])7 (6.11)
—1 Tld
where again K = N/M. We expect the steps to be smoothed out by the scale at the
Seiberg duality transition, namely, A; ~ 77, so we introduce the width d; = r;d, where the
parameter d measures the sharpness of the steps, with smaller d corresponding to sharper
steps. As the theory flows to smaller AdSs radius toward the bottom of the throat, 7

decreases, so the steps are becoming sharper.

The height of the first step in the potential follows from (f.42) and (p.§),

H(l, Tl)H(2, 7“1)

N 4T3r} ) 3g,M\ 1
T 2Tma’2gsN 8t ) K*

VD3(1,’I“1) — VD3(2,’I“1) =Ty <H(2’T1) - H(l,’l"l)>(6q>(r1) _ 1)

(6.12)

and the absolute magnitude of the step is of leading order 1/K*. The relative change in
the potential at r = rq is

OVps _ <VD3(1,T1) —VD3(2aT1)> _ <H(2,T1) _H(15T1)>
VD3 Vps(1,71) H(2,71)

3gsM 1
o~ -1 —=. 1
< 8 > K3 (6.13)

and the relative size of the step is of order 1/K3. An illustration of the D3-brane potential

Vps is shown in figures |. The steps are not visible on the plot, since we have taken large
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Figure 4: D3-brane potential plotted for parameters gs = 0.3, K = 100, M = 20, d = 0.0001 and
To = 100.

K. The potential we have here steps up for values of g; M such that gsM < 87/3 and steps
down for gsM > 87/3 as the theory flows across r = r; down toward the bottom of the
throat.

Since the step sizes are O(1/K%) while the dilaton running starts at O(1/K), it is
useful to consider the potential without the steps. For rg > r > rq,

Vis(¢) ~ —32m¢" (In(¢/¢o) — 1/4 — 1/16u)
D3(®) = 2TKM[u+In(¢/do) +1/4]

(6.14)

where
u=2nK/3gsM.

Note that we have fixed the constant in ({.2§) to be ¢; = 1/4 + 1/16u so that Vps(¢) is

monotonic in the range we are interested in.

pa ~ b = poe 2K/ M — gyomu (6.15)

H(¢r) = e*/4u (6.16)

so at the edge,
Vp3(¢o) = Ts/4u.

There are 5 parameters here: o/, gs, K, M and d. It is also reasonable to expect that
the D3-brane is BPS at the bottom of the throat, ¢ = ¢4. In this case, 4 = ®(¢d4) =0
and ¢ would be determined in terms of the other parameters. Here we have set ® = 0 at
the edge of the throat, r = rg.

If the inflaton is moving relativistically, the NS-NS term in Vp3(¢) becomes part of
the DBI kinetic action and so Vps(¢) — —T5/H. This interesting case should be studied
carefully.

As the D3-brane moves across a step, it would generate oscillations in the angular
power spectrum of density perturbations. Moreover, for K big enough such that we could
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see two or three steps, it might be possible to correlate the steps and make some definitive
predictions. In comparing with [B4], we see that the warp factor and so Vps(¢) can be quite
sensitive to the details of the throat geometry. This fact should be taken into account in
any model comparison to cosmological data.

In the D3-D3-brane inflationary scenario, there is a D3-brane sitting at the bottom
of the throat at ¢ = ¢4. So we should introduce V5 (r); this is independent of @, so it is
not modified from the KS case.

V(6) = Von(6) + Vis(9), (6.17
Voo(o) = Vi (1- iz ).

Vo = 2T3/H(¢x) = 8Tsue ",

where the constant term V; is the effective vacuum energy. Additional terms coming from
the Kahler potential may be present. Such terms may also have strong dependence on the
dilaton.

7. The warped deformed/resolved conifold

The deformation of the conifold via gaugino condensation in the gauge theory in the KS
throat is related to a geometric transition in the gravity theory where the S? c T1! cycle
shrinks to zero size, the M number of D5 branes wrapping S? disappear and are replaced
by flux through $2 ¢ T1!. Thus the tip of the deformed conifold is S2. The metric which
describes the deformed conifold thus involves an interpolation between 7! at large r and
53 at the tip of the conifold. However, it was later discussed that a flow to a baryonic
branch with a quantum deformed moduli space of SU(2M) x SU(M), in the case where N
is an integral multiple of M, might be the preferred route of the flow 23, 4. In the MN
case, N' = 1 supersymmetric gauge theory was obtained by wrapping NS5-branes on S2. A
metric and flux ansatz which could give an interpolating solution between KS and MN was
put forward in [Rg]. A leading order perturbative expansion around the KS solution was
found in [RJ]. Later, SU(3) structures were used to find a one parameter set of solutions
which flow in a direction from KS to MN [R4]. We used Einstein frame in previous sections.
In this and the next section, we will be using the string frame and also absorb g, in e®.
The metrics in the two frames are related by Gy (string) = e®/2G s n (Einstein).

7.1 SU(3) structures

In this section we will briefly review the basic ideas in applying SU(3) structures to study
supergravity backgrounds with torsions. The study of supersymmetry conditions for su-
pergravity backgrounds with torsion was initiated by Strominger [B7]. See [BJ-Hd, B4] for
details on applying group structures to supergravity.

Consider a compactification of type IIB strings on R(\3) x Y, where Y is a compact six
dimensional manifold. The Clifford algebra in ten dimensions is described by ten 32 x 32
gamma matrices. Let us denote these gamma matrices by I'M, where the uppercase letters
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M,N,--- run over 0,1,---,9. The gamma matrices satisfy {I'M TV} = 2GMN where
G is the metric. The generators of the Lorentz group Spin(1,9) on R13) %Y can be
constructed as commutators of the gamma matrices. The spinor representation in 10-d is
given by I'(1g) = rort...T% The Lorentz algebra decomposes to Spin(1,3) x Spin(6) on
RI3 x Y. We can write I'(19) = I'()T'g), where I'(qy = —il'®---T% and I') = i+ - T

(1,3)

denote the spinor representations on R and on Y respectively. There are two spinors of

the same chirality in IIB which decompose under Spin(1,3) x Spin(6) as €! = (40} +(_nt

and € = Cyﬁ + ¢_n?, where (, is the spinor on R
¢.*, and nt = nﬁr*. The number of supersymmetries in 4-d depends on the structure
group on Y. A generic Y with structure group SO(6) ~ SU(4) has no globally defined
covariantly constant spinor and gives no supersymmetry. The spinor representation of
SO(6) corresponds to the fundamental representation of SU(4) which decomposes as 1 & 3
under SU(3). Thus there is one globally defined SU(3) singlet spinor on Y. In order to
preserve some supersymmetry, Y needs to have a reduced structure group and to preserve
N = 1 supersymmetry the structure group on Y has to be reduced at least to SU(3). In that
case, if we denote the one SU(3) singlet spinor mentioned above by 7, the two spinors 77}#2
are complex proportional and are related to the invariant spinor in terms of two complex
functions o and 3 which can be expressed as n}. = 3(a+ B)ny and n? = 2%.(04 — By Y
is a Calabi-Yau threefold, the globally invariant spinor would also be covariantly constant
and depend trivially on the tangent frame bundle on Y and these two spinors give N' = 2

supersymmetry in four dimensions.

However, when fluxes are turned on, the geometry backreacts and develops torsion
and Y could in general become non-Ricci-flat and non-Kéhler. When the extra space
is compactified on a generalized Calabi-Yau with SU(3) structures, the fluxes from the N
regular and M fractional D3-branes give rise to torsions which fall in various representations
of SU(3). In the presence of fluxes, the spinor n* is not covariantly constant with respect
to the Levi-Civita connection but would be so with a connection which includes torsion.
The components of the torsion fall into the SU(3) representations (3 +3) ® (3+3+1) =
(84+8)®(6+6)®(3+3)D(3+3)®(1+1). On the other hand, there are two SU(3) singlets on
Y, one is a fundamental 2-form which describes the almost complex structure and the other
is a globally non-vanishing holomorphic 3-form. Unlike the case of Calabi-Yau threefolds,
these 2- and 3-forms are not closed now and the different components of the torsion come in
dJ and dQ). dJ has 20 components and decomposes under SU(3) as (6+6)® (3+3)+(1+1),
and d) transforms as a 24 of SU(4) and decomposes under SU(3) as (8+8)®(3+3)+(1+1).
Similarly the fluxes can be decomposed into different components in representations of
SU(3). The different components of the torsion which fall in representations of SU(3) need
to vanish or get balanced by fluxes of the corresponding forms and representations in order
to preserve N' = 1 supersymmetry. This gives constraints on the relations among the
parameters « and 3, the fluxes and the metric.

Next we want to see the torsion components in the variations of the fundamental 2-form
and the holomorphic 3-form when Y has SU(3) structures. Suppose we have parameterized
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the metric on Y as

6
dsg = G, (7.1)
m=1
where G, are real differential 1-forms which are not closed here. Lower case indices
m,n,--- run over 1 to 6 here. Let us then define
Z1=G1+1iGy, Zo=G3+1Gy, Z3= G5+ 1Gg. (72)

We can then write the fundamental 2-form J and the holomorphic 3-form {2 as

.3
7 _

QO = ZWNZyNZ3. (74)

The i is for holomorphic indices which run over 1 to 3, and the 7 is for the corresponding
anti-holomorphic indices. However, the Z;’s are not differentials of complex coordinates
and we will need to impose constraints in order to make Y a complex manifold. Note that
J transforms as (1,1) and Q transforms as (3,0). The complex and Kéhler structures on
Y are determined by the properties in the variations of J and . But it is easy to see that
dJ has components with forms (2,1) & (1,2) & (3,0) & (0,3) in the Z;’s. Moreover, df2
has components with (3,1) & (2,2) forms; it does not have a (4,0), since a complex 4-form
vanishes in three complex dimensions. When Y has SU(3) structures, the components can
further be broken down to representations of SU(3). The (3,0) & (0,3) forms in dJ fall in
the singlet representation, the (1,2)& (2, 1) forms fall in the (66 3)® (66 3) representations.
The (3,1) form in d falls in the 5 representation and the (2,2) form falls in the 8 @ 1
representations. All in all,

; ) ) }
aJ = ~Stm(WMQ) + W + W) g+ Wi+ wi), (7.5)
0 = w2+ W a g+ W ng, (7.6)

where the W’s denote components of the torsion. If Y is a Calabi-Yau manifold, then
both J and Q are closed, dJ = 0 and df2 = 0, and all torsion components vanish. Thus
nonvanishing components of the torsion measure the departure of the manifold from being
Calabi-Yau. The fluxes can also be decomposed as

; ) , ,
Hy = =Stm(HQ) + (1 + B) 7 g+ (1 + 1), (7.7)

: ) 7 ,
Fy = =Stm(FVQ) + (B + BP) A g+ (B0 + 1Y), (7.8)

If Y is to be a complex manifold, the (3,0) and (0,3) components of dJ and the (2,2)
components in df) must vanish which amount to demanding Wl(l) =0 and W2(8) = 0.
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7.2 Equations of motion in the 6 @ 6 sector

The constraint on the relation between the fluxes and the torsions were found in [4].
It will be enough for our purpose here to focus only on the equations of motion in the
6 @ 6 sector. In particular the equations of motion for flux and torsion components in
the 6 @ 6 representations are the following three complex equations, of which only two are

independent,
(a? — ﬂQ)Wg(G) = 2aﬁe¢F3(6), (7.9)
(0% + WY = —208 % HY, (7.10)
(a2 . 62)H§6) _ (a2 +ﬁ2)e<1> *6 F?E6)- (7.11)

A one parameter of numerical solution for the supersymmetry conditions using the
ansatz in [29] was obtained in [R4] for the case of a real and 3 imaginary, where the
varying parameter arises from different possible values of the boundary value of dilaton at
the very edge (or the very bottom) of the throat and the vacuum expectation value of the
axionic scalar moduli field on the quantum deformed moduli space in the baryonic branch.
We will see later that the supergravity side containing the corrections to the anomalous
mass dimension from the gauge theory side does not fall into this solution. We will also
see in the next section the implications of the corrections in terms of SU(3) structures.
For now, a simple way to see that the supergravity flow we have here is different is simply
to note that the leading order correction to the running of the dilaton in ({.29), if we
just consider the flow in the range r; < r < 7 and define £ = In(r/rg), comes at O(%),
which is different from the flow found in 22| and [24], where the leading order correction
to the running of the dilaton comes at O(#?). It will be important to construct the full
dual supergravity background and flow corresponding to the supersymmetric gauge theory
containing corrections to the anomalous mass dimension.

8. Gravitational source for Seiberg duality transformations

Now we want to see that the locations where Seiberg duality transformations occur have a
geometric obstruction with a jump in the relation between the two complex proportional
spinors 7712 on the six dimensional manifold Y. Conversely, this geometric obstruction
provides “special” locations on Y which source Seiberg duality transformations. First let
us see the magnitudes of the “charges” (or the sizes of the steps) which come from the
differences in the slopes in e"®By given by ({.30) and ([£.32) after and before a Seiberg
duality transformation,

wo! Mo
<D1+1 - Dz> - = (Cr+Ci—2 —2C1) Js

3gs Mo’
T UK DK -1+ 1)(K—-1+2) (8.1)

Note that, in the early stages of the duality cascade, the jump is of order O(1/K?) and
is quite small for large K. The magnitude increases as [ increases, and the maximum
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value occurs at the last duality transformation where (Cx_1 + Cx_3 — 2Ck_2) = 1/2 for
N = KM. If we sum up the charges at each step, the magnitude of the total charge from
the K — 1 duality transformations is proportional to

K-1

C3(K-1)(K+2) 3 2
; (Cr+Clg—2C11) = 1 KEK+D Z<1 - m) (8.2)

We see that in the limit K — oo, (B.9) goes to 3/4. Of this the (K — 1) duality transfor-
mation takes 1/2 and the (K — 2)" duality transformation takes 1/8. Presumably, these
charges come from N S5-branes. Most of the charge is located in the bottom region of the
throat. Moreover, the magnitude of the charges confirms that the theory flows to a bary-
onic branch rather than to a confining branch and the duality cascade ends with the gauge
group SU(2M) x SU(M), in the case where N is an integral multiple of M. That is because
an additional duality transformation would need an infinite amount of charge, since (B.)
diverges for [ = K. This implies either that the perturbative expansion of the anomalous
dimension in powers of M?2/N (N + M) is invalid here, or that the duality cascade stops
at the baryonic branch. This latter case also agrees with the discussion and expectation
in [R9] and [R4] of a flow along a baryonic branch. Recall that Seiberg duality in N' = 1
supersymmetric SU(N,) gauge theory with Ny flavors takes place in the so-called confor-
mal window 3N, > Ny > 3N./2 and in the free magnetic phase 3N./2 > Ny > N, + 1.
To satisfy the last condition, K > 2. So we expect the last transition to take place at
SU(BM) x SU(2M) — SU(M) x SU(2M) and not go any further. This is consistent with
our analysis.

The torsion and the flux components in the 6 & 6 sector for the ansatz given in [R9]
and used in [4] can be schematically written as W?EG) = Wgr+iWjy, H?EG) = Hp+iHy, and
F?EG) = Fr+iF7 and be split into two sets where the elements of a set have components in the
same directions: (Wg, Fr, x¢Fr, Hg, x¢Hy) and (W, Fg, *6Fr, Hr, x¢Hg) [E]]. In other
words, the elements in the first set, W, F7, - - - have components along some directions such
as G1AG3AGg while the elements in the second set, Wy, Fgr,--- have components along
other directions such as G1AG3AGs5. If we let o and § have arbitrary phase 6 between them
and write 3 = tan Ze?q, then the equations of motion in the 6 + 6 sector, (7.9)-(F.11),
give

<1 — tan? % cos 29>WR = —2tan %eq) sin 6 Fr, (8.3)

<1 — tan? %cos 29>W1 = 2tan %e¢ sin @ Fr, (8.4)

tan? % sin 20 Wy = 2tan %e¢ cos O Fg, (8.5)

— tan? % sin20 Wr = 2tan %e¢ cos 6 FT, (8.6)
_tan2 ¥ _ 2 2 W

1—tan 5 cos20 |Hp = e[ 1+ tan 5 cos 20 | xg F'g, (8.7)
a2 ¥ _ @ 2 W

1 — tan 5 €O 20 |Hr = €¥( 1+ tan 5 COS 20 ) x¢ FT, (8.8)
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tan® % sin20 H; = —e® tan? % $in 20 g FJ, (8.9)
— tan® % sin20 Hp = €® tan® % sin 20 g Fg. (8.10)

We see that the equations of motion are over-constrained and do not have solution for
generic values of ¢ unless § = £7 (or for § = 0,7 with the fluxes and the torsions relabeled
or related by S-duality).

In order to study the solutions which describe the effects of corrections to the anoma-
lous mass dimension on the supergravity side, one needs a more general ansatz such as a
complexification of the components Fr, F;, Hr and H; above and/or turning on Fj flux in
such a way that arbitrary phase between the two spinors could be accommodated. That is
because the corrections change the imaginary self-duality condition in the 3-form combina-
tion F3—ie~®Hjy in the KS solution in such a way that the supergravity flow does not occur
at a fixed phase between the two spinors. The change in magnitude of corrections after a
Seiberg duality transformation leads to a step in the function tan (w/2) e? which relates
the two spinors. This results in a geometric obstruction. These special geometric locations
and the charges on them provide a gravitational source for Seiberg duality transformations.

9. Discussions

The gauge/gravity duality implies that the nonperturbative dynamics of the gauge theory
knows about the string background geometry. Here we have studied the implications of
corrections to the anomalous mass dimension in the physical running of the couplings in
the gauge theory to the dual gravity theory in the KS throat. We find that a more precise
anomalous dimension on the gauge theory side reveals structures on the gravity side. The
corrections make the dilaton and the potentials run with kinks and the fluxes and the
metric have steps and the deviation from KS grows more and more as the duality cascade
proceeds and the theory flows down to the bottom of the throat.

The magnitudes of the charges at the steps (or the sizes of the steps) are much smaller
in the early stages of the cascade than in the last steps. The magnitudes of the charges
confirm that the theory flows to a baryonic branch rather than to a confining branch and
the duality cascade ends with the gauge group SU(2M) x SU(M), in the case where N
is an integral multiple of M. That is because an additional duality transformation would
require an infinite charge or a step with infinite size. This is consistent with what we would
expect from the gauge theory side, since if we think of the SU(M) in SU(2M) x SU(M)
as a weakly gauged flavor symmetry, we have SU(2M) with 2M flavors which falls far
outside Seiberg’s electric-magnetic duality window. Rather, it has a quantum deformed
moduli space [Bg]. This also agrees with the discussion and expectation in 29| and [P4] of a
flow along a baryonic branch. Conversely, a duality cascade ending in the baryonic branch
supports our premise that the anomalous dimension changes after every Seiberg duality
transformation as the matter content of the theory changes with the SU(2M) x SU(M)
not undergoing a duality transformation.

The steps also provide special locations with geometric obstructions which source
Seiberg duality transformations. The steps we have discussed here are sharp because a
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Seiberg duality transformation occurs at a fixed 7! base (or AdSs radius). The steps
in the fluxes and the metric could be smoothed out if the charges at the steps get redis-
tributed and a Seiberg duality transition takes place over some range of scales or AdSs
radius. Conversely, the sharpness of the steps on the gravity side would provide a measure
for the sharpness of Seiberg duality transitions on the gauge theory side. Overall, we expect
that the relations ({.14) and ({.15), i.e., the gauge/gravity duality dictionary, should be
modified by corrections. This is an important problem to be studied further.

It is believed that INS5-brane charges are located at the bottom of the KS throat.
The NS5-branes wrap an S? of the S3. In the absence of fluxes, they wrap a shrinking
S? of the S? at, say, angular coordinate 1) = 0 and essentially vanish without a trace. If
such NS5-brane can tunnel to the other pole of the S3,i.e., 1) = , it becomes M D3-
branes [[F. Since there are K N S5-branes, together there are N = KM D3 charges. Our
picture suggests that these K N S5-branes are located at different positions, one at each
r = 7. Furthermore, they are at different locations of the S3, that is, they wrap different
shrinking S2s of the S3. As a consequence, H3 is in general no longer orthogonal to Fi,
which is the case with a non-zero R-R 1-form flux Fj.

In this paper, we work with the ansatz that, for large r, Hs is along the direction of
dr Awsy. Although we need only the magnitude of F3 (as given by (5.23) and (5.24)) to find
the warp factor, it is important to find the components of F3 (since F3 does not all lie in

w3) and an explicit solution of the supergravity equations, even if only perturbatively in
1/K.

The gauge/gravity duality is a powerful tool to probe both the gauge and the dual grav-
ity theories from different directions. It seems that the best way to test/use gauge/gravity
duality is an attempt to find the gravity dual to QCD. However, our theoretical control is
best when we consider super Yang-Mills theories. Unfortunately, lattice gauge theory for
super Yang-Mills theories is too rudimentary to be useful at the moment. Since Seiberg
duality and gauge/gravity duality are strongly believed but not proven, it is quite amazing
and useful that the whole notion of Seiberg duality and gauge/gravity dualities may be
tested in cosmology. If our universe indeed resides at a bottom of such a warped deformed
throat, the cosmological implication of this step-wise (or cascading) behavior of the metric
on the brane inflationary scenario and the cosmic microwave background radiation can be

very interesting.
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